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G1
p[ilª^zba<rtzra<uxsxj2r¨}kbN|ªb0b
di − 1
¯@]^`b0?¤¦ » yjnjnu£µb0s£uva<u£`(lªuvrtµrlª^zbq0rs£yza<`j@r¨
Γ
bNsvu£a<uv(lnboj
Ym+1, . . . , Yn
¨ |ªra
fi
¤`u£§bNjlª^zbr[b	M0uvbNPlªj2r¨
f̄i
¯}]^zb)[yzaqpbN|2r¨rs£yza<`j
r¨
Γ
uxj2pLryzkbNp[i
1 + n
(
n+di−1
n
)
<
(
n+di
n
) ¤zln^zb[yzaqpbN|@r¨7|ªr(¥@jr¨
Γ
¯°Ys£jnr`¤zln^zb0rPb	Mu£b0Plªj
r¨
G1
^`®§bfqjnu£±0bf¥2^zu£^u£jLrs£i[zra<uxsLuv
cn
¯]^[y`jN¤tlª^zb)jmu£±0bfr¨
Γ
uxjprtyz`kbop[i
cn
lªuva<bojln^zb
jªwPy`|ªbfr¨-ln^zb)jnuv±Nb)r¨
fi
¥2^zu£^µjn^zr(¥@j°ln^zbtjnjnb0|nlnu£r
(2)
¯
/jnjnb0|nlnu£r
(3)
¨ rtsvs£r(¥@jsxjmr>¨ |ªra lª^zbrta<zsvb0©ku«lir¨3lª^zb)svu£zbo|@s£bNpz|z¯

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z|nbouxjmbNsviln^zb0ra<zs£b©ku«lip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 	
 !"$#%&#'
e¢rtjmlfs£rt|nuvln^`a<j/kbNsvu£z¥2uvln^²±0bN|nr/[ku£a<b0`jnuvrt`s3u£kbosxj/jnzs£u«lfuv
jmbN§bN|ªs3jlªb0`jN¯)c[ra<br¨ln^zbNa
^®§bfln^zbNuv|frta>`svb0©[uvlipLry``kbN#u£lnbN|na5r¨-ln^zbqkb0t|nbNb)r¨-ln^zbuxkbosV¤`uV¯ bt¯}lª^zbku£a<b0`jnuvrtr¨7ln^zb
§tbNlnr|>jmbr¨@lª^zb#wPyzrlnu£b0Plqr¨2ln^zb#|ªuvz²p[i²lª^zb#u£kbosV¯ ¡  ¨  lo¤ln^`bNjnbjmlnb0jq0r`jnu£jmlqauvzs£i
u£ s£uvzbo|>s£b0p`|ªu£ ln^zuxjq§bNlnrt|jmbt¯¢]^zuxjuxjlª^zb0tjmbr¨ln^zb#s£rt|nuvln^za r¨ )  » e¢ & -°¨ r|
^ztuvzr¨Ta<rzrta>uxsr|kb0|ªu£z`¢r¨ln^`b|ªbNrt`jmln|ªy` lªuvrt#r¨ln^zb » |n¼tpzzbN|Yp`tjmuxj@r¨ln^zbqu£kbos
¨ |ªra'ln^zrPjmbfr¨-u«lj@jªjmrk0u£lnbNz|ªuva<bfu£kbosxjuv ) 31k` - J zrlnbfln^(l2ln^`u£j2svtr|ªu«lª^za u£j2>§(|ªuxPlr¨
)  » e¢ & -L¯
/j % 0±Nrykl  j}ln^`b0r|ªb0a jªjnb0|nlªjlª^`(l°ln^zbfkb0t|nbNb@r¨­lª^zbfu£kbosu£j°prtyz`kbop[i
d1 · · · dn
¤[?bNa<a<
& ¯v`²ln^zbpLry``zj)r¨0ra<zs£b©ku«li,u£§b0 u£ )  » 3e¢ & -° ) 321kz -}u£a<zs£i,u£a>a<boku£lnbNsvi²ln^zb
¨ rtsvs£r(¥2u£z`¯7zrt|ln^zuxj0¤`svb0l
h
pblª^zb)a(©kuvas?jmu£±0br¨ln^zb0r[bKMu£b0Plªjr¨3lª^zb)uv`zyklYLrs£i[zra<uxsxj°r¨
lª^zbs£rt|nuvln^`a r¨I)  » 3e¢ & -?r|2r¨ ) 321[`.-V¯
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¡ ln^zbs£rt|nuvln^`a<j}yz`kbN|0r`jnuxkb0|(lªuvrt?¤lª^zb|ªu«lªu£Ns¦jlªb00r`jnuxjlj}u£s£uv`bN|s£bNpz|rLrs£i[zr¬
a<uxsxj^`®§[u£zln^zb/e¢Nyzsx®i  j7pLryz ∑n
i=1 (di − 1)+1
jTzb0|ªb0bt¯7ckuv`0b2ln^`b@`Lb0|) 3±3+z -ln^zb
jnu£±0bfr¨?lª^zba<ln|ªu£0bNjN¤[¥2^zu£^|ªbYu£[§rtsv§tbN­¤[uxj°yjmy`svs£ipLryz`zbNpPi
dn
¥2^`b0|ªb
d = d2
uxjln^`bfa©P¬
u£ay`a r¨Tlª^zb>zb0|ªb0bojYr¨Tln^`bqu£zzykl)Lrs£i[zra<uxsxj0¯]^zb>|nbojmyzsvlªjfr¨c[bNlnu£r & jn^zr(¥uva<a<bNzu£lnb0s£i
lª^`(l
(eD)n
u£j2<jn^`|ªLb0|2pLryz`?¯
¡ ¨
D ≥ 2
¥b^`®§b
e < D1.5
¤¥2^zu£^ u£`ky`0b¢
0ra<zs£b©kuvli ¥2^zu£^=uxj<rtsvi[zrta<u£s2uv
Dn
¯
EYr(¥°bN§bN|N¤[uv¨
D
uxj@0svrPjmbflnr
1
lª^zb)¨ lnrt|
en
a®i`rlYpLb)uvs£y`kbNu£
Dn
¯zr|nlny``(lªb0s£i¤zuv¨
D < 2jnra<br¨ln^zb#uv`zyklqLrs£i[zra<uxsxj|nbs£uv`bN|>` ¥°ba®i
y`jnbln^`b0a lnr¢|ªbNzy`bln^zbPy`apLb0|r¨
§(|nuxpzs£bNjN¯7]^zbY|ªbNjnyzsvlªj°r¨-c[bo lªuvrtqjn^zr(¥ u£a>a<boku£lnbNsvi<lª^`(lln^zbrta<zsvb0©ku«li<r¨­lª^zbfb0s£uva<u£`(lªuvrt
WXWZY[B\.]K^3_
+   $FBK 3>"
uxjrtsvi[zrta>uxstuvln^zbjmu£±0b}r¨kln^`b}u£zzykl7rtsvi[zrta<u£s£jN¤
S
¥2^zu£svb}ln^zb°svu£zbN|svtb0pz|2(¨ lªb0|-b0s£uva<u£`(lªuvrt
^j2<rta>`svb0©[uvli¥2^zux^#u£j2Lrs£i[zra<uxs­u£
Dn
p[i3b0a<a & ¯ q` & ¯ & ¯
eµrt|nbz|ªbN0u£jnb0s£i¤k¥b^`®§b7
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^zbNjnbs£rt|nuvln^`a<jjnzs£u«lu£ kuPLbN|nbNtljmlnbN`jN¯ ²bbNjmlnu£a<lnb ?`|jml)ln^zb0ra<zs£b©ku«li²r¨ln^zb
jmlnbN`j¥2^zux^µ|ªbf0ra<a<rlnrs£s­r¨-ln^`b0a½pLb¨ rt|nb)0r`jnu£zb0|ªuvz>bNt^#svtr|ªu«lª^za'jnb0`|ªlnb0s£i¯
]^zb ?|ªjmljlªb0=rjmuxjlj<uv b0s£u£a>u£`lnu£z
ln^zbµs£uv`bN|Lrs£i[zra<uxsp[i {T|ªrLrtjnu«lªuvrtF¯v¯=]^`u£j
jmlnbNF^j rta>`svb0©[uvli Lrs£i[zra<uxsuv
S
`Fz|ªrkky`boj<rtsvi[zrta<u£s£j>¥2^zrPjmbr[bKM0uvbNtljjmu£±0b
uxjqrtsvi[zrta>uxs°uv
nh < S
J jnb0b{}|nrtrPjmuvlnu£rQ`¯ L ¯ N}jnbouxs£svit¤7¨ r|>rtsvi[zrta>uxsxj¥2uvln^FuvPlªb0bN|ªj
0r[bKMu£b0Plªjlª^zuxj@jmu£±0buxjprtyz`kbo#pPi
n(h + 1/2 logn)
p[i E/za|u£zbNwPy`s£uvli¯
 uvln^
ln^`b>`rlªlnu£r`jfr¨°{T|ªrLrtjnu«lªuvrt,¯v¤3svb0l
f1, . . . , fk
J |ªbNjn?¯
F1, . . . , Fk
uv
^zra<rtb0`b0ryj
Njnb3Lpb²ln^`b
u£zzyzlLrs£i[zra<uxsxj0¤/svb0l
Y1, . . . , Ym
pLb²lª^zb §(|ªu£pzsvboj¥2^`u£^ |nbNa<uv (¨ lªb0|#ln^zb
bNsvu£a<uv(lnu£r3¤P`<svb0l
f̄1, . . . , f̄`
J |ªbNjn?¯
F̄1, . . . , F̄`
LpLb@lª^zb@zrt|nasz¨ r|ªa<j}r¨¦ln^`bYzrtsvu£zbN|Tu£zzykl
Lrs£i[zra<uxsxj¥2u«lª^#|ªbNjnLbN l2lªr>ln^zb)|ªbNkybN » |ª¼pzzbN|2p`jnuxjr¨3lª^zb)s£uvzbo|2u£zzykl@Lrs£i[zra<uxsxj0¯ % i
uvlnbNa
(2)
r¨{T|ªrLrtjnu«lªuvrt=`¯ ,ln^zb,0ra<zs£b©kuvli r¨fln^zb²ra<zyzlª(lªuvrt=r¨fln^zbojmbµzrt|nas¨ r|ªa<ju£j
Lrs£i[zra<uxs­u£
S
`lª^zbjnuv±Nbfr¨lª^zb)|ªbNjnyzs«lªuv`<0r[bKMu£b0Plªjuxj2sxjnr>Lrs£i[zra<uxs­u£
S
¯
% i,{}|nrtrPjmuvlnu£r
`¯£¤7jmrtsv§[u£z#ln^zbu£zuvlnuxsTz|ªrp`svbNa J » |ª¼p`zb0|)p`tjmuxj)rta<zyklªlnu£r r|jnrs£§[uv`
lª^zbjnikjlªb0aVLu£jY|nboky`0bNlnrjnuva<u£s£|@z|ªrpzs£b0a r
f̄1, . . . , f̄`
J |ªbNjn?¯
F̄1, . . . , F̄`
u£µ^zra<rtb0`b0ryj
Njnb3L¤k¥2^zb0|ªbfln^zbjnuv±Nbr¨-ln^zb)r[b	M0uvbNPlªj2uxjrtsvi[zrta<u£s­uv
S
¯
/j@s£s?r¨-ln^`bs£r|ªuvln^zajyz`zb0|Y0r`jnu£zb0|(lnu£ry`jnbln^zb    K$ R	 a(ln|ªuv©r¨<^zra<rtb0`b0ryjuxkbosPuv
m
§(|nuxpzs£bNj3uv>kb0t|nbNb ∑n
i=1 (di − 1) + 1
¤(¥°b°|nbo0s£sPu«ljkb	?`zuvlnu£rq^zb0|ªb¯-]^zu£j-uxj/a(lª|nuv©
¥2^`rtjnb/|ªr(¥@j|ªb/u£`kb0©[bop[ilª^zba<rzrta>uxsxjr¨ln^zuxj@kbN|ªb0bfuv
m
§(|ªu£pzsvboj`¥2^zrtjnbrs£yza<`j
|nb<lª^zb|ªb0z|ªbNjnb0Pl(lnu£r
r¨lª^zbtb0zbN|ªlnr|jfr¨ln^`bu£zbNsV¯ ¡ ¨
E ≥ 2
uxj)lª^zb|ªuvln^za<blªu£a>bo r¨
d1, . . . , dm
lª^zb0¢ln^zb>jmu£±0br¨ln^zb>c[i[sv§tbNjmlnb0|/a(ln|ªuv©uxjYpLryzkbNµp[i
(eE)m ≤ E2.5m < D2.5n
p[i
3b0a<aj & ¯ > & ¯ & ¯
¡ ,ln^zb>jmbor¢jlªb0¢r¨ln^zb<s£rt|nuvln^`a r¨ ) ±,+` - ¤lª^zbqykln^`r|f^`j/rjmuxkb0|ªbN#lª^zbc[i[sv§tbNjmlnb0|
aln|ªu«©µu£,lª^zbq§(|nuxpzs£bNj
Y1, . . . , Ym
uv
kb0t|nbNb ∑n
i=1 (di − 1) + 1
¨ r|fln^`b>uxkbos
〈F̄1, . . . , F̄`, L〉u£¥2^zux^
L = U1Y1 + · · · + UmYm
¥2^zbN|nbflª^zb
Ui
 j@|nbfzbN¥ u£`kb0lnb0|ªa<uv(lnboj0¯
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jmuxjlj7uv » y`jnjnux>b0s£uva<u£`(¬
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